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(c) ICAMS: http://www.icams.de/cms/upload/01_home/01_research_at_icams/length_scales_1024x780.png
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Length Scales

http://www.icams.de/cms/upload/01_home/01_research_at_icams/length_scales_1024x780.png


• Web site: http://schleife.matse.illinois.edu/teaching.html 
!

• Literature recommendations:!
• “Understanding Molecular Simulation”, Frenkel and Smit 
• “Introduction to Computational Materials Science: 

Fundamentals to Applications”, Richard LeSar
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• Goals for today:!
• Background 
• Molecular Dynamics 
• Monte-Carlo Techniques

http://schleife.matse.illinois.edu/teaching.html


Clay platelet in water; (c) ANL: https://www.alcf.anl.gov/files/Figure2_0.jpg
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• How to get information out of this?

Atomistic Simulations

https://www.alcf.anl.gov/files/Figure2_0.jpg


Key: Statistical Mechanics

• phase space S used to characterize a simulation: 
• classical mechanics: positions {qi} and 

momenta {pi} 
• Ising model: spins (up or down) 
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• simulation: changing the state: Sn+1=T(Sn) 
1. deterministic (set of rules): Molecular Dynamics!
2. random (samples from a distribution): Monte Carlo!
!

S0 —> S1 —> S2 —> S3 —> … —> Sn —> … 
!
• index n can be time, pseudo-time, “iteration index”, … 

http://upload.wikimedia.org/wikipedia/commons/e/ea/
Simple_Harmonic_Motion_Orbit.gif

http://upload.wikimedia.org/wikipedia/commons/e/ea/Simple_Harmonic_Motion_Orbit.gif


Molecular Dynamics

• technique to simulate classical many-body dynamics 
• very similar to carrying out a real experiment: 

1. prepare sample: initial conditions 
2. measure (extract quantities of interest)!
3. calculate forces between atoms 
4. move atoms according to forces 
5. repeat for good statistics to  

    reduce error 
!
• common mistakes are similar too
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• Example: Video

https://www.youtube.com/watch?v=NQhjAtCKghE


How to “measure”?

• Particle positions, velocities: known during simulation 
• Forces: calculated during simulation 

!
• any other observable: express as function of positions, momenta 
• example: temperature (use equipartition theorem) 
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• other examples: diffusion coefficient, density, crystal phase, …



Forces: How to determine them?

pV = nRT

• start with ideal gas 
• ideal gas law:
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couples to 
individual particles

ion KE + interactionelectron+ionelectron KE+interaction

“Atomic units”: ℏ = me = e = 1 

Energy in Hartree = 27.2 eV = 316,000 K 
Lengths in Bohr radii = 0.529 Å = 5.29×10-9 cm
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Accuracy needed to address questions at room temp.: 
100 K = 0.3 mHa = 0.01 eV    

Many Decimal Places! Solving this is difficult!

Forces: QM Electronic-Structure Problem
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• Semi-empirical approach (very common): 
• make good guess and use experimental data to adjust it  
• fast; may not reveal correct details; 
!

• Quantum chemistry approach: 
• compute the surface at a few points and fit to a reasonable form 
• hard/slow, accurate 
!

• Ab-initio approach: 
• do the QM calculations “on the fly” (along with trajectory) 
• couple a quantum calculation of the electrons with a classical one of 

the nuclei 
• large computer effort, but no analytic form needed

Forces: How to Determine them in Practice
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Quantum forces: Potential Energy Surface

J. Chem. Phys. 113, 3480-3481 (2000)

R

F = �rV

Force on nuclei:
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• proposed 1924 by John Lennard-Jones 
• extensively used due to simplicity, even though more accurate 

ones exist

Empirical forces: Lennard Jones
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Overview: Semi-empirical potentials
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• time step: short enough to capture physics 
• time step: adjust to get energy conservation to 1% of kinetic energy

Practical issues
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• boundary conditions: important 
because spatial scales are 
limited 

• boundary conditions: different 
possibilities: 

• free: e.g. droplet/cluster/protein 
in vacuum 

• periodic: most popular choice 
because there are no surfaces 



Initialize(state_now)!

Initialize_verlet(state_now,state_old)!

for step in range(nsteps):!
Find_V_and_F(state_now)  # NOTE: only needs .R information!
Verlet_propagate(state_now,state_old)!
AverageProperties(state_now)!
Thermostat(state_now)

How to translate into code?

* compatible with the structure that is to be simulated 
* make sure: no overlap (e.g. grid) 
* initial condition chosen such that grid melts rapidly 
* set total momentum to zero 
* scale velocities to match temperature
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Initialize(state_now)!

Initialize_verlet(state_now,state_old)!

for step in range(nsteps):!
Find_V_and_F(state_now)  # NOTE: only needs .R information!
Verlet_propagate(state_now,state_old)!
AverageProperties(state_now)!
Thermostat(state_now)

Force calculation

• most time-consuming part 
• for pair-wise interactions: scales as N2 

• keep boundary conditions in mind (more details later) 
• compute distances 
• compute forces (e.g. Lennard Jones)
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Initialize(state_now)!

Initialize_verlet(state_now,state_old)!

for step in range(nsteps):!
Find_V_and_F(state_now)  # NOTE: only needs .R information!
Verlet_propagate(state_now,state_old)!
AverageProperties(state_now)!
Thermostat(state_now)

Integration of equations of motion

• many algorithms available 
• “Verlet” algorithm is simple and has many good properties 
• time reversal built in 
• discard old positions and update 
• calculate temperature, energy, …

Andre Schleife @ MatSE @ UIUC ・ Email: schleife@illinois.edu ・ Web: http://schleife.matse.illinois.edu ・       @aschleife 

CCMS 2014: Computational Methods for Atomistic Length and Time Scales



Example: Anti-cancer drugs
• drug: effect achieved by reaching specific target receptor 
• chemically bind to the receptor 

!
• problem: can bind to many different other receptors/proteins 

before reaching target 
• this leads to efficacy reduction (structure determines binding)

• specific example: cisplatin (chemotherapy drug) 
• kills cancerous cells by binding to their DNA 
• this process: investigated using CPMD/MM 
• problem: only small percentage reaches cancer 

DNA in the cell 
• Read more here! Cl

Cl

NH3

NH3

Pt
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http://www.psi-k.org/newsletters/News_122/Highlight_122.pdf


Example: Anti-cancer drugs
• long-term (futuristic) goal: design cisplatin derivatives with 

increased affinity to DNA rather than other proteins 
• necessary to understand how cisplatin enters cell 

!
• experiment: known that it uses copper transport proteins 
• CPMD/MM used to clarify structure of a realistic model:

• binding region taken as CPMD part 
• rest: force field (e.g. AMBER) 
• successful comparison to spectroscopic 

data (CD, EXAFS, NMR) 
• goal: parameterize force field for long-

time scale MD 
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Reminder: Molecular Dynamics vs. Monte Carlo
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1. deterministic (set of rules): Molecular Dynamics!
2. random (samples from a distribution): Monte Carlo

http://upload.wikimedia.org/wikipedia/commons/e/ea/
Simple_Harmonic_Motion_Orbit.gif

http://upload.wikimedia.org/wikipedia/commons/e/ea/Simple_Harmonic_Motion_Orbit.gif


area of 1/4 circle

area of square

=
⇡r2/4

r2

=
⇡
4

one quadrant of circle in a square:

like throwing darts at unit square target: 
!
• use random numbers in (0,1) to pick a pair of coordinates (x,y) 
• count # of points in circle section versus total 
• points in shaded circle divided by points in square: ~ π/4

Example: Buffon’s needle (Monte Carlo determination of Pi)
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• Applet

http://www.eveandersson.com/pi/monte-carlo-circle


• Markov chain is a random walk through phase space: 
  s1 → s2 → s3 → s4 →… 
!
• transition probability is P(sn → sn+1)  a stochastic matrix 
!
!
!

• Markov chain: distribution of sn+1 depends only on sn

P(s! s0) � 0
X

s0
P(s! s0) = 1

Random Walk and Markov Chain
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http://www.chem.uoa.gr/applets/AppletSailor/Appl_Sailor2.html


• simple and powerful: can be used to sample essentially any 
distribution function (in any number of dimensions) 

• disadvantage: correct only asymptotically 
!

• idea: construct a Markov chain that has a user-defined distribution as 
its equilibrium distribution 
!

• central criterion: detailed balance 
 P(s → s’)π(s) = P(s’ → s)π(s’) 
!
!

• wait a bit (until equilibrium is reached), then all new random numbers 
are according to equilibrium distribution: Applet

Application: Metropolis algorithm
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http://www.lbreyer.com/classic.html


• algorithm: 
1. choose distribution to sample:  
2. choose starting point s 
3. propose new location s’ according to some (prescribed) rule: 

probability distribution T(s→s’), (any transition rule is allowed as 
long as you can go anywhere in phase space with a finite 
number of steps - ergodicity) 

4. accept or reject new location according to probability A(s→s’)

Application: Metropolis algorithm

⇡(s)

• note: P(s → s’) = T(s→ s’)*A(s →s’)

A(s ! s0) = min

✓
1,

⇡(s0)T (s0 ! s)

⇡(s)T (s ! s0)

◆

Andre Schleife @ MatSE @ UIUC ・ Email: schleife@illinois.edu ・ Web: http://schleife.matse.illinois.edu ・       @aschleife 

CCMS 2014: Computational Methods for Atomistic Length and Time Scales



• algorithm: 
1. choose distribution to sample:  
2. choose starting point s 
3. T(s→s’) = constant 
4. accept or reject new location according to probability A(s→s’)

Metropolis algorithm of 1953

A(s ! s0) = min

✓
1,

⇡(s0)T (s0 ! s)

⇡(s)T (s ! s0)

◆

⇡(s) =
exp (��H(s))

Z

A(s ! s0) = min

✓
1,

⇡(s0)

⇡(s)

◆
= min (1, exp (��[E(s)� E(s0)]))
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1

e–βΔE

ΔE

Always 
Accept

Accept

Reject

• if  ΔE < 0, it lowers the system energy → accept 
• otherwise  

1. generate uniform random number un on (0,1) 
2. compare un to e–βΔE: if lower accept, otherwise reject

Picture of Metropolis Rejection
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• consider a lattice (e.g. a square lattice) 
• each lattice site has a single spin variable: si = ±1 
• external field h and nearest neighbor coupling J

• J is the nearest-neighbor (i,j) coupling 
• if all Jij are: 

• > 0: ferromagnetic 
• < 0: antiferromagnetic 
• = 0: non-interacting 
• otherwise: non-ferromagnetic 

• Applet

Example: Ising Model

H = �
X

i,j

Jijsisj �
X

i

hisi
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http://www.pha.jhu.edu/~javalab/ising/ising.html


• MD can compute dynamics: 
• MD is sometimes very effective in highly constrained systems 
• MC has a kinetics but dynamics is not necessarily physical 
• MC dynamics is useful for studying long-term diffusive process 
!

• MC is simpler: 
• No forces, no time-step errors; a direct simulation of canonical 

ensemble 
• in MC you can invent better transition rules to make it faster  
• ergodicity is less of a problem 
!

• MC is more general (can handle discrete degrees of freedom: e.g. 
spin models, quantum systems), grand canonical ensemble...

Comparison of MC and MD: Which is better? 
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You should memorize (at least) this:
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1. deterministic (set of rules): Molecular Dynamics!
2. random (samples from a distribution): Monte Carlo
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